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We present a study of the thermal Hall effect in the extended Heisenberg model with XXZ
anisotropy in the kagome lattice. This model has the particularity that, in the classical case,
and for a broad region in parameter space, an external magnetic field induces a chiral symmetry
breaking: the ground state is a doubly degenerate q = 0 order with either positive or negative net
chirality. Here, we focus on the effect of this chiral phase transition in the thermal Hall conductivity
using Linear-Spin-Waves theory. We explore the topology and calculate the Chern numbers of the
magnonic bands, obtaining a variety of topological phase transitions. We also compute the quantum
corrections to the critical temperature associated with the chiral phase transition (TSWc ). Our main
result is that, the thermal Hall conductivity, which is nul for T > TSWc , becomes non-zero as a
consequence of the spontaneaous chiral symmetry breaking at low temperatures. Therefore, we
present a simple model where it is possible to “switch” on/off the thermal transport properties
introducing a magnetic field and heating or cooling the system.
Introduction– One of the most significant current dis-
cussions in condensed matter physics concerns the con-
nection between non-trivial topological properties and
transport phenomena in insulating magnets1. It has been
at the heart of numerous experimental and theoretical
studies, mainly because these types of materials are can-
didates for carriers of the spin information without dis-
sipation from Joule heating but with good transport co-
herence. Recently, particular attention has been brought
upon the magnon thermal Hall effect (THE)2–6, where
the transverse heat current induced by introducing a lon-
gitudinal thermal gradient is carried by magnonic exci-
tations.
The magnon THE was predicted theoretically and
observed experimentally in materials such as the insu-
lating ferromagnet Lu2V2O7
7, which has a pyrochlore
lattice and out of plane antisymmetric Dzyaloshinskii-
Moriya (DM) interactions. Other ferromagnetic py-
rochlore insulators include Ho2V2O7, and In2Mn2O7
8.
It has also been measured in perovskites La2NiMnO6
and YTiO8 and kagome magnets Cu(1-3, bdc)9,
[CaCu3(OH)6Cl2·0.6H2O]10. Magnon transport has also
been theoretically studied in different topological struc-
tures and models11–16, which include both chiral and
coplanar17,18 systems. Furthermore, this transport phe-
nomena has even lead to the proposition of devices to
manipulate the spin wave current in what is called “topo-
logical magnonics”19.
In a previous work (Ref. [20]), we presented an
extended XXZ antiferromagnetic model in the kagome
lattice with an emergent “spontaneaous” Chern insu-
lator, where the net chirality can be controlled by an
external magnetic field. There is a hidden phase transi-
tion in terms of the scalar chirality that separates the
high-temperature phase from the chiral low-temperature
phase holding two q = 0 ground states with opposite
net scalar chirality. In this paper, we explore the
consequences of this chiral phase transition in the
thermal Hall conductivity. Using the Linear-Spin-Waves
(LSW) theory approach, we first calculate the Chern
numbers of the magnonic bands, and show that there
are several topological phase transitions induced by
the microscopic parameters. Then, we calculate the
scalar chirality obtained from LSW and compute the
quantum correction to the classical critical temperature
(TSWc ). Finally, we present the effects of the chiral phase
transition and the associated symmetry breaking in the
thermal conductivity: a nul contribution for T > TSWc .
We close with discussion and conclusions.
Model and Non-interacting Magnons– We consider
the extended antiferromagnetic Heisenberg model in the
kagome lattice up to third nearest-neighbor interactions,
taking only third nearest neighbors interactions across
the hexagons (see Fig. 1).
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where n indicates the n− th nearest neighbor (as shown
in Fig. 1a), ∆ < 1 is the XXZ anisotropy parameter and
h is the external magnetic field along the z direction. For
simplicity, we set J1 = 1. In the SO(3) invariant ∆ = 1
case, the classical T = 0 phase diagram of this model
is well known: it presents the so called “cuboc” phases
(with spontaneous and alternate scalar chirality), and a
q = 0 phase21,22 for J3 < J2 < J1. At the special line
J2 = J3 < J1, the ground state has a semi-extensive
degeneracy21 where lines of spins from the q = 0 order
can be “swapped”. For practical reasons, we will take
J1 = 1 for the rest of the manuscript.
The combination of the XXZ anisotropy and an ex-
ternal magnetic field induces a q = 0 “umbrella” order
with spontaneous non-zero net chirality. The emergence
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2FIG. 1: (a) The kagome´ lattice with Bravais vectors ~a = (1, 0)
and ~b = ( 1
2
,
√
3
2
). First, second and third nearest neighbors
exchange couplings, J1, J2 and J3 respectively, are indicated.
We only consider J3 as indicated in the figure. (b-c) Two
possible plaquette arrangements of the canted 120◦ ground
state.
of scalar chirality in this simple model is quite remark-
able, with a rich potential for unconventional phenomena.
The xy projections of these two possible plaquette orders
with opposite scalar chirality are shown in Fig. 1 (b) and
(c), where the three spins have the same projection along
the field.
In these two possible ground states, the classical or-
der is a canted 120◦ plaquette. The state shown in Fig.
1 (b) can be described (minus a global rotation around
the z axis) as: ~S1 = S
(
−
√
3
2 sin θ,− 12 sin θ, cos θ
)
, ~S2 =
S
(√
3
2 sin θ,− 12 sin θ, cos θ
)
and ~S3 = S (0, sin θ, cos θ)
where S is the spin lenght and θ is the angle measured
from the z axis. As it is well known, the scalar chiral-
ity in a plaquette is defined as the triple product of the
three spins χ04 = ~S1 · (~S2× ~S3) which is a measure of the
solid angle formed by them (χ04 = S
3 3/2
√
3 cos θ sin2 θ
for this configuration).
In a recent work20, we focused on the special case
J1 = 1, J2 = 1/2, J3 = 0, ∆ = 0.9 and showed that
at low temperature the system undergoes a phase transi-
tion where the reflection symmetry is spontaneously bro-
ken, and most importantly the relevant order parame-
ter is in fact the total scalar chirality (per plaquette)
χtot =
1
N4
∑
4 χ
0
4 where the sum involves all the tri-
angular plaquettes N4. This will allow us to study the
effect of quantum fluctuations in the critical temperature,
defining the chirality operator, as we will show later.
In order to introduce quantum spin fluctuations and
characterize the transport properties of the magnon ex-
citations of this model, we resort to a linear spin wave
(LSW) analysis23. Following the standard approach , we
employ a three sublattice Holstein-Primakoff (HP) map-
ping with the bosonic operators (see Supplemental Ma-
terial for details).
Even though classically, there are only two types of
solutions with opposite chirality, quantum fluctuations
show a rich phenomenology in the magnon spectrum.
To characterize the bands of the spectrum, we calculate
the Chern number Cn for each n-th band, defined
as Cn =
1
2pi
∫
BZ
Ωzn(k)dk
2, where Ωzn(k) is the Berry
curvature, Ωzn(k) = i
〈
∂un
∂k |×| ∂un∂k
〉
being |un(k)〉 the
Bloch waves in the n-th band. To calculate this quantity
numerically, we resorted to the efficient method detailed
in Ref.[25], taking up to 10000 × 10000 points in dis-
cretized Brillouin Zone (BZ). As we describe in the next
subsection, depending on the microscopic parameters,
even for small modifications of the classical solution, the
associated magnonic bands present different Cn, which
leads to several interesting phenomena.
Topological magnonic bands and Topological Phase
Transitions– In order to discuss the magnon band struc-
ture, we choose as the classical groundstate one of the two
q = 0 states, shown in Fig.1(b). From a general analysis,
i.e. setting h ∼ 0.6 (θ ∼ 1.5), we find that there are
regions in the parameter space (J2, J3,∆) with topologi-
cally non-trivial band structure with different Cn. These
regions are divided by topogical transitions, that occur
when the magnon bands touch, and the “local” gap be-
tween them closes. For a representative case of this situ-
ation we fix J2 = 0.8 and J3 = 0.2 with ∆ ∈ [0, 0.9]. The
band structure for ∆ = 0.7 is depicted in Fig.2(a), where
there are local gaps between all the bands. In Fig.2(b)
we plot the Chern number of each band as a function
of ∆. The Cn appear as steps in the constructed curve,
and there are at least four topological transitions at dif-
ferent values of the anisotropy parameter. The sets of
Cn (from the lowest (wk,1) to the top (wk,3) band) go
as (−3, 3, 0) → (3,−3, 0) → (5,−5, 0) → (5,−7, 2) →
(−1,−1, 2). As ∆ increases, the topology of the bands
change. For stronger XXZ anisotropy, the lower bands
have opposite Cn and the top band has a trivial topol-
ogy (Cn = 0). For higher ∆ & 0.65 the top band gets
a non-trival Cn. In Fig. 2(c) we show the gap between
successive bands as a function of ∆ for specific points in
the BZ. As expected, there is a perfect correspondence
between the values of ∆ where there is a topological tran-
sition and the values of the anisotropy paramenter where
two of the bands touch.
Another interesting issue is the role that the magnetic
field plays on the topological transitions, even though
classically the magnetic field just changes the canting
angle of the spins. Varying the field triggers a series of
topological transitions, that are reflected in the change of
the Cn. We show this for ∆ = 0.7 in Fig.2(d), where the
Cn go (5,−7, 2) → (−1, 1, 0) → (−3, 3, 0) → (5,−5, 0).
As above, the surprisingly large values of the obtained
Cn are also remarkable. A similar feature was discussed
in Ref.[17], where this was attributed to an in-plane DM
interaction. In our work, there are no antisymmetric in-
teractions; the distinctive feature is the XXZ anisotropy
and the antiferromagnetic nature of the couplings.
Chirality and Phase Transition– A key question in this
work is the effect of quantum fluctuations in the classical
3FIG. 2: Fixing J2 = 0.8, J3 = 0.2 (a) Magnon spectrum for h = 0.6 , ∆ = 0.7. The bands do not touch at any point in the
BZ. (b) Cn for each magnon band as a function of ∆, for θ = 1.5. (c) Distance between magnon bands at different points in the
BZ as a function of ∆. When the distance is zero, we identify a closing of the local gap between bands. (d) Cn as a function
of external magnetic field, ∆ = 0.7.
phase transition and the consequences on the thermal
transport properties. The relevant order parameter in
this case, since we are dealing with a 2D system, is not
the magnetization but the scalar chirality which allows to
detect the spontaneous symmetry breaking at low tem-
perature. To this end, we compute the quantum version
of the scalar chirality χtot using HP tranformation and
retaining terms up to quadratic order obtaining,
〈χtot〉 =
(
1 +
3
2S
)
χ04 +
S2
Nk
3∑
k,α=1
[
Q˜ααk g(S wk,α)
+Q˜α+3,α+3k (1 + g(S wk,α))
]
(2)
where Nk is the number of points in the Brillouin zone,
χ04 is the classical scalar chilarity for one triangular pla-
quette, g(S wk,α) is the Bose-Einstein distribution and
Q˜k is the chirality operator matrix in the diagonal basis
(explicit expressions in Supplemental Material).
Let us first explore the dependence of critical temper-
ature TSWc in terms of the spin length S taking J2 = 0.8,
J3 = 0.2, ∆ = 0.7 h/J1 = 0.6. From Fig. 3(a) we
observe that the chiral phase is stable up to the point
〈χtot〉/S3 = 0 which defines the critical temperature
TSWc . For every S, as the spin increases, the curves tend
to colapse around TSWc /S
2 ∼ 0.34. We show 〈χtot〉/S3
for S = 1 as a function of temperature for different values
of ∆ (fixing θ = 1.5, Fig. 3(b)) and external magnetic
field (fixing ∆ = 0.7, Fig. 3(c)), where we can see that
the behavior is robust.
By Eq. (2), we can compute TSW,∞c in the classical
limit S → ∞ defined by the condition 〈χtot〉 = 0. After
a simple analysis we obtain
TSW,∞c = −
χ0∆
S3
[
1
Nk
∑
k
∑
α=1,2,3
Q˜ααk + Q˜
α+3α+3
k
wα(k)
]−1
(3)
Therefore, Eq.(3) allows us to compare TSWc with
Monte-Carlo (MC) simulations in Fig. 3(c), as the
system approaches the J2 = J3 line, where the classical
model has a semiextensive degeneracy. For the MC
simulations, we resort to the Metropolis algorithm
combined with overrelaxation (microcanonical) updates
in system size of 3L2 sites (L = 30). The estimated
TSWc , even within the LSW approximation, seems to
be of the same order of magnitude as the one obtained
form MC, a situation which contrasts with 3D systems
with long range magnetic order, and for which in
general LSW gives an huge overestimation of the critical
FIG. 3: Absolute value of the chirality parameter as a func-
tion of temperature from LSW for J2 = 0.8, J3 = 0.2 and: (a)
∆ = 0.7, h = 0.6 and different values of S; (b) S = 1, θ = 1.5
and five values of ∆; (c) S = 1, ∆ = 0.7 and three values of
h. (d) |χ4| vs. temperature from MC simulations, J2 = 0.8,
∆ = 0.7, h = 0.6 and J3 = 0.1, 0.4, 0.7. Vertical black ar-
rows indicate the critical temperature TSW,∞c obtained in the
classical limit S → ∞. Calculations where done for a dis-
cretization of 10000× 10000 points in the BZ.
4temperature26. The reason for the good estimation of
the critical temperature with LSW is likely to rely on
the low value (compared to the microscopic parameters)
of it, implying a low contribution of the high energy
levels to the magnon spectrum necessary for the validity
of the LSW approximation. The most important feature
of our results is that lowering the temperature from
the paramagnetic phase, the quantum version of the
model in Eq.(1) undergoes a phase transition in which
the reflection symmetry is spontaneously broken. This
has relevant consequences in the transport properties
and the thermal Hall conductivity, which we will discuss
below.
Spontaneus Thermal Hall Conductivity– The presence
of a nontrivial Berry curvature in the magnon bands im-
plies the existence of a thermal Hall signature provided
that the Berry curvature is not odd in momentum. The
thermal Hall conductivity κxy may be calculated as
27,28:
κxy = − k
2
BT
(2pi)2~
∑
n
∫
BZ
[
c2[g(2Swα(k))]− pi
2
3
]
Ωzn(
~k)d2k
(4)
where kB is the Boltzmann constant, g(2wα(k)) is the
Bose-Einstein distribution and c2 is defined as:
c2(x) = (1 +x)
[
ln
(
1 + x
x
)]2
− (lnx)2− 2Li2(−x) (5)
where Li2(x) is the dilogarithm.
FIG. 4: For S = 1, J2 = 0.8, J3 = 0.2 (a) Thermal conduc-
tivity κxy as a function of temperature for different values of
∆, for θ = 1.5 (b) κxy as a function of h taking ∆ = 0.7, and
T ' 0.6; (c) κxy as a function of temperature obtained from
the magnon spectrum of the two possible classical ground
states with opposite scalar chirality for ∆ = 0.7, h = 0.6.
In Fig.4(a) we show κxy (in units of k
2
B/(2pi~)) for
S = 1 as a function of the temperature for different ∆,
corresponding to different regions marked by the topo-
logical transitions in Fig.2(b). In Fig.4(b) we show κxy
as a function of the external field for T < TSWc .
The most important feature of this study is shown in
Fig.4(c). This figure shows that the sign of κxy depends
on the sign of the scalar chirality from the classical
ground state. This suggests that κxy will have a spon-
taneos sign for T < TSWc . However, because 〈χtot〉 = 0
for T > TSWc , κxy must vanish for T > T
SW
c , implying
a “switchable” THE. Unfortunately, this suppression
of the κxy is not completely captured by LSW. We
expect magnon interactions26,29, not included at this
stage, to establish the cancelation of κxy for T > T
SW
c .
This requires a higher order spin wave calculation (in
powers of 1/S) which is beyond the scope of this paper.
Nonetheless, given the previous discussion, we propose a
cutoff in κxy as represented in Fig. 4(c) with a dashed
black line.
Discussion and Conclusions– The purpose of the
present work was to study a chiral phase transition in an
anisotropic Heisenberg model in the kagome lattice, in
which the reflection symmetry is spontaneously broken,
and where the low temperature phase shows a thermal
Hall effect.
To this end, using the Linear-Spin-Waves theory ap-
proach, we have studied numerically the topology of
the magnonic bands and their Chern numbers. We
have shown that there are several topological transitions
driven by the magnetic field and the microscopic param-
eters. We have also studied the effect of quantum fluctu-
ations in the chiral phase transition in terms of these pa-
rameters. We have paid a particular attention to the de-
pendence of the critical temperature with the magnitude
of the spins and obtained an interesting result compar-
ing the value obtained taking the classical limit (S →∞)
with Monte Carlo simulations.
Finally, we calculate the thermal Hall conductivity as a
function of temperature showing that effectively its sign
is “spontaneaous”. Therefore, we show with this sim-
ple model that it is possible to “switch” on the thermal
transport properties by manipulation of the external pa-
rameters.
A unique feature of this work resides in the chiral phase
transition. Previous works have established that a non-
zero scalar chirality in the ground state could lead to
THE. Here, the chirality serves as an order parameter as-
sociated with a spontaneous broken symmetry, and thus
allows us to conjecture the behaviour of the thermal Hall
conductivity with temperature and define a critical tem-
perature above which the thermal Hall conductivity is
suppressed. In addition, we have shown that this con-
ductivity can be tuned by the external magnetic field
and the XXZ anisotropy.
Following the previous discussion, it would be interest-
ing to consider magnon interactions going beyond LSW
theory including three and four bosonic terms to obtain
a more accurate estimation of the conductivity near the
5chiral phase transition. We defer this for future investi-
gations.
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